The determination of |V us | from kaon semileptonic decays requires the value of the form factor f + (q 2 = 0) which can be calculated precisely on the lattice. We provide the one-loop partially quenched chiral perturbation theory expressions both with and without including the effects of staggered quarks for all form factors at finite volume and with partially twisted boundary conditions for both the vector current and scalar density matrix elements at all q 2 . We point out that at finite volume there are more form factors than just f + and f − for the vector current matrix element but that the Ward identity is fully satisfied. The size of the finite-volume corrections at present lattice sizes is small. This will help improve the lattice determination of f + (q 2 = 0) since the finite-volume error is the dominant error source for some calculations. The size of the finite-volume corrections may be estimated on a single lattice ensemble by comparing results for various twist choices.
Introduction
The elements of the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing matrix are fundamental parameters of the Standard Model (SM). The matrix is unitary in the SM. Any deviation from unitarity would be a clear signal for new physics. The first row, containing V ud , V us and V ub , is the one best determined by experiment. For testing the unitarity relation |V ud | 2 + |V us | 2 + |V ub | 2 = 1, the precision on |V ud | and |V us | are comparable [1] , while |V ub | is negligible at the current level of precision. The determination of |V us | from semileptonic kaon decays requires f + (q 2 ), the vector form factor of the K to π transition (see e.g. Ref. [2] ). The ratio f + (q 2 )/f + (0) can be extracted from experiment, whereas theoretical input is needed for the absolute normalization given by the vector form factor at zero momentum transfer, f + (0).
The vector form factor is defined via
where q = p K −p π and V µ =sγ µ q, with q the relevant light quark. The most precise way of calculating f + (0) at present is with numerical lattice QCD [1, 3, 4, 5, 6, 7, 8, 9] . In lattice QCD calculations, as well as experimentally, it is helpful to introduce the scalar form factor
which satisfies
The form factors f + and f 0 are less correlated than f + and f − and therefore easier to disentangle experimentally. From a lattice perspective the scalar form factor can be calculated using an insertion of a scalar current instead of a vector current. Using a chiral Ward identity at zero momentum transfer we have
where S =sq. The scalar form factor is often easier to calculate on the lattice. Moreover, in the staggered formulation the local vector current is not a taste singlet and the added complications typically lead to larger statistical errors [10, 11, 12] . Chiral perturbation theory (ChPT), with its various extensions to include discretization, finite-volume, and boundary-condition effects, plays an important role in handling the systematic errors of a lattice computation of f + (0). In this paper we calculate the finite-volume corrections to the vector and scalar form factors in rooted staggered partially quenched ChPT as well as in continuum ChPT. We also consider the effect of having twisted boundary conditions, possibly different for valence and sea quarks, on the finitevolume corrections. The infinite volume rooted staggered case is included in the calculation in the sense that results for that case can be obtained from our expressions by replacing finite-volume integrals by infinite-volume integrals, some of which are zero.
In a previous paper [13] some of us developed a mixed action formalism for staggered quarks. However, since the MILC collaboration has moved to using only the highly-improved-staggered-quarks (HISQ) action, no such results are presented here. Some previous work on vector form factors in finite volume appears in Refs. [14, 15, 16] .
We point out that at finite volume there are more form factors than the usual f + and f − , which means that care has to be taken while analysing Ward identities. In particular Eq. (4) has corrections at finite volume and twisted boundary conditions. We also point out that the finite-volume corrections can be checked using only a single lattice ensemble by varying the twisted boundary conditions.
We have implemented the resulting expressions numerically and they will be made available in the CHIRON package [17] . We have applied the numerical programs to a set of ensembles from the MILC collaboration's HISQ ensembles [18] to show expected sizes of the corrections. The main conclusions are that the finite-volume corrections are small for present lattices.
This paper is best read together with Ref. [13] and is organized as follows: Section 2 establishes our conventions and introduces the various versions of ChPT that we use. Section 3 introduces our notation for the kaon semileptonic (K l3 ) decays and specifies the corrections to Eq. (4) at finite volume. Our analytical expressions for the K l3 form factors are presented in section 4 and some numerical examples are given in section 5. Finally, section 6 contains our conclusions. The integral notation used in our results, some integral identities, and additional results for meson masses and for form factors in the isospin limit can be found in the appendices. A preliminary version of this manuscript appeared in the PhD thesis of Johan Relefors [19] .
ChPT and lattice extensions
This section establishes our conventions and describes the lattice effects that we take into account. We start by introducing SU(3) ChPT in the continuum and then give the additional features needed for partially quenched ChPT, rooted staggered ChPT and twisted boundary conditions. The conventions used are the same as in Ref. [13] . We work exclusively in Euclidean space.
Continuum infinite volume ChPT describes low energy QCD as an expansion in momenta and masses [20, 21, 22] . It was first used in Ref. [23] to study meson form factors. The same Lagrangian can also be used in finite volume [24] . In this paper we perform calculations to next-to-leading order (NLO), or O(p 4 ). The Lagrangian up to NLO is
where L 2n is the O(p 2n ) Lagrangian. The effective degrees of freedom in the SU(3) case are the π, K, and η mesons. For the fields we use the exponential representation
where f is the pion decay constant at LO and U , D and S are flavor neutral mesons with up, down and strange flavor respectively. The lowest order ChPT Lagrangian with external sources [21, 22] is given by
where µ is a low energy constant (LEC) and χ = s + ip contains scalar and pseudo scalar external fields. The covariant derivative is given by
In order to include quark masses we let s → s + diag(m u , m d , m s ). The last term in L 2 is essentially an η ′ mass term allowed by the anomaly. The mass should be taken to infinity in order to integrate out the η ′ . This may be postponed until the final stage of the calculation [25] . Postponing the limit is useful when discussing lattice effects since there is then a one-toone relation between indices on φ and the quark content of the mesons [26] . When m η ′ = m 0 → ∞ the trace of φ decouples leaving π 0 and η in the diagonal elements of φ and the correspondence is lost as standard ChPT is recovered. An expression for L 4 can be found in Ref. [21] .
Partially quenched ChPT
In partially quenched QCD the masses of the valence quarks differ from the masses of the sea quarks. In ChPT this can be incorporated using the observation that the indices on the meson matrix φ are quark indices before taking the limit m η ′ → ∞. In a given diagram the indices that are determined by the external meson indices correspond to valence quarks, and we refer to these indices as valence indices. Indices that are summed over in a given diagram correspond to sea quarks, and we refer to these as sea indices. In this way there are sea-sea, sea-valence, valence-sea and valence-valence mesons.
From a technical point of view the partial quenching can be incorporated in ChPT using either the supersymmetric method [27] , the replica method [28] , or using quark flow [26] . The three methods give the same results in the partially quenched case (at least to one loop), but for the rooting of staggered quarks only the replica method or quark flow are applicable. As explained below, we find the quark-flow method more convenient. For this reason we have used the quark-flow method in our calculations.
From a calculational point of view one difference between standard ChPT and partially quenched ChPT is that the flavor neutral propagators have a more complicated structure. The flavor charged propagators have the standard form
where e and f indicate the flavor content of the meson. The flavor neutral propagators on the other hand have the form
where
In Eq. (11) m U,D,S are the masses of the neutral sea mesons with quark content uū, dd and ss, respectively, and m π,η,η ′ are the masses of the π, η, η ′ sea mesons. E and F label flavor-neutral mesons (sea or valence). Note that G N EF takes the form of a standard propagator plus a term due to the vertex proportional to m 2 0 of the type φ E φ F . We will refer to this type of vertex as a hairpin vertex. Letting m η ′ = m 0 → ∞ gives [25] 
Rooted staggered ChPT
We now introduce staggered quarks and rooting in ChPT. In the staggered formulation of lattice QCD each quark is fourfold degenerate. In lattice simulations this is compensated for by taking the fourth root of the quark determinant, the so called fourth root trick. A consequence of the fourfold degeneracy is that the number of mesons is increased 16 fold, giving 16 tastes for each flavor. In staggered ChPT the degeneracy is compensated for by dividing each sum over sea quarks by four, mimicking the fourth-root trick. This is the reason why having a direct correspondence between the indices of φ and the quark content of the corresponding meson is so useful when dealing with staggered quarks. Also, note that in the replica method any summed over flavor index is a sea index so that each sum should simply be divided by four. In order to accommodate the 16 fold increase in the number of mesons in ChPT we use the representation
where the extra space in the matrix φ can be used to accommodate partial quenching [27, 28] . Each entry in φ is a 4 × 4 matrix written as
are the taste generators, here taken as the Euclidean gamma matrices ξ µ , with ξ µν = ξ µ ξ ν , ξ µ5 ≡ ξ µ ξ 5 and ξ I ≡ I is the 4 × 4 identity matrix. These generate U (4) which is the coset space of a single flavor staggered theory where the trace is not decoupled. The tastes of mesons will also be referred to as P,A,T,V and I. As long as no discretization effects are taken into account all tastes with the same flavor have degenerate masses, this degeneracy is broken by discretization effects. When including effects from the lattice spacing a, we treat p 2 , m q and a 2 as the same order in our power counting. L 2 will then contain corrections of O(a 2 ). Although such effects break the 16 fold degeneracy in the meson spectrum, it turns out [29] that at this order in the power counting there is still an SO(4) symmetry, sometimes referred to as the residual taste symmetry. Breaking of SU (4) to SO(4) lifts the degeneracy of mass between the tastes P,A,T,V and I, giving five different masses for each meson flavor.
Using the conventions in Ref. [13] , the Lee-Sharpe Lagrangian [29] generalized to multiple flavors [30] is written as
where V is the taste violating potential found in Ref. [30] . The m 2 0 term is the contribution to the singlet-taste and singlet-flavor meson, η ′ I ∝ Tr(φ), which is the only mass term allowed by the anomaly. As in the continuum partially quenched case, the limit m 0 → ∞ can be taken at the end of the calculation in order to keep a correspondence between the indices of φ and the quark content of the mesons. The flavor neutral propagators are again more complicated than in standard ChPT. In the staggered theory the m 2 0 terms generate hairpin vertices for the singlet-taste flavor-neutral mesons. There are also hairpin vertices for the axial and vector taste flavor neutral mesons coming from double trace terms in the staggered Lagrangian. The neutral propagators for taste Ξ are in this case given by
.
In Eq. (17) δ Ξ are the couplings for the hairpin vertices, for tastes Ξ = V, A, I respectively. In the limit m 0 → ∞ the singlet-taste disconnected flavorneutral propagator simplifies to
The other tastes have no hairpin vertices and hence D T,P = 0.
Twisted boundary conditions
Twisted boundary conditions [31] in one dimension are defined by
where L is the length of the dimension and θ is the twist angle. With twisted boundary conditions momenta are quantized as
The twist angle can be chosen arbitrarily, so the momentum of the field ψ can be continuously varied. In the case θ = 0, periodic boundary conditions are recovered. The twist of the anti-particle follows from complex conjugation of (19) ; momenta are shifted in the opposite direction. Twist angles can be chosen independently in each spatial direction for each flavor and also independently for sea and valence quarks. For each quark q, either valence or sea, we define the twist angle, θ
We collect the twist angles θ q i in a three vector θ q and in a four vector θ q = (0, θ q ). The twist angle for an anti-quark is minus the twist angle for the corresponding quark.
The twist angles of the mesons follow from that of the quarks as [32] 
where φq′ q is a meson with quark contentq ′ q. It follows that flavor-diagonal mesons have zero twist angle and that charge-conjugate mesons have opposite twist. A particle with spatial momentum p has an anti-particle with spatial momentum − p. When computing loop integrals using twisted boundary conditions in a finite volume we have to make the replacement
where we allow for dimensional regularization by using a total of d dimensions. Note that the twisted boundary conditions lead to
since the sum is not symmetric around zero. This leads to momentumdependent masses and fewer constraints on form factors, which reflects the broken lattice symmetry. This also makes checking Ward identities more involved than in the usual case [15] .
Parameterization of kaon semileptonic decays at finite volume
In this section we present our calculation of the finite-volume corrections for the hadronic matrix element in K l3 decays. Although we use K 0 → π − l + ν as an example, our calculations can be used for any K → πlν decay. At the quark level, the decay K 0 → π − l + ν is due to the vector currentsγ µ u. In order to keep the discussion general we follow Ref. [13] and defineȳ andx to be the valence anti-quarks corresponding tos andū respectively. We also define x ′ to be the spectator valence quark corresponding to the d quark.
The decay is then that of an x ′ȳ to an x ′x pseudo scalar through the vector currentȳγ µ x. We also introduce the notation X, X ′ and Y for the valance pseudo scalar mesons xx, x ′x′ and yȳ.
We parameterize the matrix element of the weak current between a kaon and a pion in finite volume as
is the appropriate flavor-changing vector current. In the various versions of ChPT presented above V xy µ share the same form given by
where the content of Σ will differ in the different versions, and Tr t is a trace over taste only (which simply gives one in the non-staggered theory). Our conventions are such that f + = 1 at leading order in ChPT. For zero twist angle the restored cubic symmetry means that only the first two terms are needed so that h µ = 0 in this case. For non-zero twist angle h µ = 0. Note that the split between different form factors is not unique in this case. For example, changing routings in a diagram will shift terms between f − and h µ . Also, the form-factors depend on the individual components of q through the twist angles which enter the integrals, see Ref. [15] . Nevertheless, although the split is in some sense artificial when twisted boundary conditions are imposed, it is useful in order to relate to the infinite volume limit where there are well defined form factors depending only on q 2 ; see Eq. (1). In practice it is advantageous to study the scalar form factor on the lattice and then relate the result to the vector form factor [10, 33] . In ChPT the scalar current is
We parameterize the matrix element between a kaon and a pion as
With these definitions the Ward-Takahashi identity relating the hadronic matrix elements leads to the following relation between the relevant form factors
Note that p 2 K/π must contain the full loop contribution, to the order at which the Ward identity is being checked, since f + = 1 at leading order. In all results presented below we have checked that this Ward identity holds.
Finally, setting q 2 = 0, which is important for |V us |, we have the relation
where h xy µ vanishes in the infinite volume limit, allowing for a determination of the vector form factor from the scalar form factor. In lattice calculations the term proportional to q µ h µ is often dropped [1, 3, 4, 6, 7, 8, 9, 10, 34] . The left hand side of the equation is then not f + but a quantity which goes to f + in the infinite volume limit.
4 Finite-volume corrections to f + , f − , h µ and ρ
In this section we present finite-volume corrections to the hadronic matrix elements needed for K l3 decays at NLO in ChPT. We present rooted staggered partially quenched ChPT (rSPQChPT) expressions for the partially twisted case (twisted boundary conditions different in the valence and sea sectors), as well as the corresponding continuum limit (PQChPT with partially twisted boundary conditions). The continuum limit can be derived from the staggered results, but we present both for clarity. The finite-volume corrections can be used to derive the infinite-volume expressions. To do this one should replace every finite-volume integral by its infinite-volume counterpart. The expressions are presented using the D notation of Ref. [13] , which keep the diagonal propagators intact, see Appendix A. This is to keep the expressions of manageable length.
Taking the full QCD infinite volume and isospin limits of the PQ result produces a slightly different expression from the NLO results in Ref. [35] . The difference is of O(p 6 ). There is, however, no conflict in using our result for the finite-volume corrections with the infinite-volume NLO+NNLO calculation of Ref. [35] since there is no overlap between the finite-and infinite-volume results.
Below, we give the finite-volume corrections to hadronic matrix elements of both vector and scalar currents. For a given quantity, X, the finite-volume correction, ∆ V X, is defined as
where X V is X calculated in finite volume and X ∞ is X calculated in infinite volume. We envision computing X V on the lattice and subtracting ∆ V X to correct for finite-volume effects, thereby obtaining X ∞ , the quantity of interest. The case of h V µ is special in that the corresponding infinite-volume expression is zero.
The finite-volume expressions depend on the volume through the integrals A V , B V , etc. These integrals also depend on the masses and twist angles of both valence and sea quarks. In staggered ChPT there are additional low energy constants which enter through the relation between meson masses and quark masses and through hairpin couplings for the diagonal vector and axial propagators.
In the staggered case, we take the external mesons to be taste pseudoscalars (taste ξ 5 ), as in Ref. [13] . The quantity c Ξ , defined as
then appears in the rooted staggered expressions. In addition to q = p K −p π , we use the momentum variable
Some complementary results have been moved to the Appendix. Appendix B presents results for the finite-volume correction to the masses in the partially-twisted partially-quenched and partially-twisted partiallyquenched rooted staggered cases. These are needed to check the Ward identity in Eq. (29) . In Appendix C we give expressions for the partially-twisted and fully-twisted K 0 → π − form factors in the isospin limit, in which most of the current lattice calculations are performed.
Continuum Partially-Quenched Partially-Twisted ChPT
Here we present results for the finite-volume corrections to the K l3 form factors, calculated using PQChPT at O(p 4 ), when the inserted current is a vector current (Sec. 4.1.1) and a scalar current (Sec. 4.1.2).
Finite-volume corrections for the vector form factors
4.1.2 Finite-volume corrections for the scalar form factor
Partially-Quenched Partially-Twisted Rooted Staggered ChPT
In this subsection, we give the finite-volume corrections to the K l3 form factors, calculated using rSPQChPT at O(p 4 ), when the inserted current is a vector current (Sec. 4.2.1) and a scalar current (Sec. 4.2.2). 
Finite-volume corrections for the vector form factor
∆ V f xy + = − 1 2f 2 Ξ 1 16 S −A V (m 2 yS,Ξ ) − A V (m+ B V 22 (m 2 xy,Ξ , D Ξ XX , q) − 1 4 A V (D Ξ Y Y ) − 2A V (D Ξ Y X ) + A V (D Ξ XX ) ∆ V f xy − = − 1 2f 2 Ξ 1 4 S m 2 x ′ y,5 − m 2 x ′ x,5 B V 21 (m 2 xS,Ξ , m 2 Sy,Ξ , q) (38) − B V 1 (m 2 xS,Ξ , m 2 Sy,Ξ , q) + q µ 2 B V 2µ (m 2 xS,Ξ , m 2 Sy,Ξ , q) + p 12µ 2 B V 2µ (m 2 xS,Ξ , m 2 Sy,Ξ , q) + m 2 x ′ y,5 − m 2 x ′ x,5 B V 21 (m 2 xy,Ξ , D Ξ Y Y , q) − 2B V 21 (m 2 xy,Ξ , D Ξ Y X , q) +B V 21 (m 2 xy,Ξ , D Ξ XX +B V 1 (m 2 xy,Ξ , D Ξ X ′ Y , q) −2m 2 x ′ x ′ ,5 + m 2 x ′ y,5 [2 + c Ξ ] + m 2 x ′ x,5 c Ξ +B V 1 (m 2 xy,Ξ , D Ξ X ′ X , q) 2m 2 x ′ x ′ ,5 − m 2 x ′ y,5 c Ξ − m 2 x ′ x,5 [2 + c Ξ ] − m 2 x ′ y,5 − m 2 x ′ x,5 B V 1 (m 2 xy,Ξ , D Ξ Y Y , q) + B V 1 (m 2 xy,Ξ , D Ξ XX , q) +c Ξ q µ −B V 2µ (m 2 xy,Ξ , D Ξ X ′ Y , q) + B V 2µ (m 2 xy,Ξ , D Ξ X ′ X , q) + 1 2 q µ B V 2µ (m 2 xy,Ξ , D Ξ Y Y , q) − B V 2µ (m 2 xy,Ξ , D Ξ XX , q) + 1 2 p 12µ B V 2µ (m 2 xy,Ξ , D Ξ Y Y , q) − 2B V 2µ (m 2 xy,Ξ , D Ξ Y X , q) +B V 2µ (m 2 xy,Ξ , D Ξ XX , q) +B V (m 2 xy,Ξ , D Ξ X ′ Y , q) m 2 x ′ x ′ ,5 − m 2 x ′ y,5 − m 2 x ′ x,5 c Ξ +B V (m 2 xy,Ξ , D Ξ X ′ X , q) −m 2 x ′ x ′ ,5 + m 2 x ′ y,5 c Ξ + m 2 x ′ x,5 ∆ V h xy µ = − 1 2f 2 Ξ 1 4 S − p 12ν B V 23µν (m 2 xS,Ξ , m 2 Sy,Ξ , q)(37)+ 1 2 B V 2µ (m 2 xS,Ξ , m 2 Sy,Ξ , q) −q 2 − m 2 x ′ y,5 + m 2 x ′ x,5 − 1 2 2A V µ (m 2 x ′ S,Ξ ) − A V µ (m 2 yS,Ξ ) − A V µ (m 2 xS,Ξ ) −p 12ν B V 23µν (m 2 xy,Ξ , D Ξ Y Y , q) − 2B V 23µν (m 2 xy,Ξ , D Ξ Y X , q) +B V 23µν (m 2 xy,Ξ , D Ξ XX , q) +B V 2µ (m 2 xy,Ξ , D Ξ X ′ Y , q) −m 2 x ′ x ′ ,5 + m 2 x ′ y,5 (1 + c Ξ ) + m 2 x ′ x,5 c Ξ + q 2 c Ξ +B V 2µ (m 2 xy,Ξ , D Ξ X ′ X , q) m 2 x ′ x ′ ,5 − m 2 x ′ y,5 c Ξ − m 2 x ′ x,5 (1 + c Ξ ) − q 2 c Ξ + 1 2 B V 2µ (m 2 xy,Ξ , D Ξ Y Y , q) −q 2 − m 2 x ′ y,5 + m 2 x ′ x,5 + 1 2 B V 2µ (m 2 xy,Ξ , D Ξ XX , q) +q 2 − m 2 x ′ y,5 + m 2 x ′ x,5(39)
Finite-volume corrections for the scalar form factor
5 Typical finite-volume corrections to current lattice simulations
As an illustration of the numerical size of finite-volume corrections in current lattice simulations, we present an explicit calculation of these effects for the set of ensembles used by the FNAL/MILC collaboration in its on-going analysis of K → πℓν [9] . The formulas in the previous section are of course more general. The ensemble parameters we use are presented in Tables 1 and 2 . With the exception of the meson masses and the hairpin couplings, those parameters are originally listed in Ref. [18] . The taste splittings shown in Table 2 are averages over tastes that are degenerate under the residual SO(4) taste symmetry, which is unbroken at the order to which we are working. We use the values of the relative scale r 1 /a together with the value of the absolute scale r 1 = 0.3117 (22) fm [36] to convert lattice quantities, proportional to a, to physical units. The masses, originally determined in terms of a, are from the ongoing FNAL/MILC K l3 analysis [37] . The hairpin couplings, a 2 δ V and a 2 δ A are from an unpublished FNAL/MILC analysis for the 0.12 fm lattice and have been scaled by α 2 s a 2 for the other cases. Finally, we use f = 130.41 MeV.
The numerical evaluations needed will be implemented in CHIRON [17] . Next, we have to make a choice of which masses to use. From the pion and kaon masses in Table 1 we fix the lowest order masses 1 for the neutral particles (pseudo-scalar taste for staggered) via
1 Corrections are higher order than we have used in ChPT. [18] . The numbers not in that reference come from the on-going FNAL/MILC analysis [37] . The light (up,down) valence quark masses are the same as the light sea quark masses on each ensemble, but the strange quark can be different. We have quoted the kaon mass therefore with valence and with sea quarks. Below we refer to the different ensembles using m π and m π L since these are the most relevant quantities in the finite-volume calculation. In the staggered theory we can determine the meson masses at LO in ChPT using the relation
Alternatively we could have determined m 2 ss and m 2 S from the neutral meson masses obtained from the lattice instead of from the kaon masses. We have checked that these two choices for the meson masses produces differences which are small, much below the expected size of higher orders of about 20%. All results presented here are calculated using the LO SChPT expression in Eq. (42), together with the values for masses and taste splittings in Tables  1 and 2 and Eq. (41).
The finite-volume correction to K l3 decays is presented in a way that shows the relative size to the leading order, f + (0) LO = 1. We calculate each term in the Ward identity in Eq. (29) divided by the mass difference, [18, 38] and the r 1 /a in Table 1 and hairpin vertices from an unpublished MILC analysis. The correspondence between ensembles here and in Table 1 is given by the lattice spacing a since the splittings used are the same for all ensembles with a given lattice spacing. Tables 3-5 . The needed twist angle is determined by having q 2 = 0. While our analytical results are for a fully general twisting, the numerical examples presented here are for the case where we only twist the valence up quark. This corresponds to a kaon at rest and a moving pion. We present results for three situations. Two are for rooted staggered quarks, with θ u = (0, θ, θ, θ), Table 3 , and with θ u = (0, θ ′ , 0, 0), Table 4 . θ and θ ′ are chosen to have q 2 = 0. The third set of results is for continuum quarks (no effects of staggering), with θ u = (0, θ ′ , 0, 0), Table 5 .
Looking at the tables one effect is very clear: For these lattices the finite-volume corrections are all very small and clearly below the 0.2% used as error in the published FNAL/MILC results [1] . The finite-volume effects also decrease with increasing m π L as expected.
A second observation is that the finite-volume effects are dependent on the precise way the twisting is done. The predictions for twisting in all space directions or in one space direction only are quite different, as a glance at Tables 3 and 4 shows. This suggests a relatively cheap way to check the rough size of finite-volume effects, as well as our predictions for them: Perform the (lattice) calculations with different choices for the partial twisting but using the same underlying lattice.
A third observation is that the finite-volume correction is typically smaller for the case with staggered effects than for the continuum case. The differences can be of the same size as the actual corrections. We believe this is due to the fact that the non-pseudoscalar taste mesons have typically larger masses and thus have smaller finite-volume effects.
The exponential decrease of the finite-volume correction with m π L remains valid here. As an example, Fig. 5 shows the contributions to Eq. (43) Table 1 . The labels "mass," "f + " and "h µ " refer to the three terms in the left-hand side of Eq. (43), and "ρ," the right-hand side. The numbers are obtained with θ u = (0, θ, θ, θ) such that q 2 = 0 and the kaon at rest. The effects due to staggered quarks are included. 
Conclusions
In this paper we have calculated the finite-volume corrections to K l3 decays in rooted staggered partially-quenched ChPT with twisted boundary conditions. We allow for different twists in the valence and sea sector as well. The analytical formulas in section 4 and the appendices are our main results. By replacing the finite-volume correction functions with their infinite-volume counterparts, these formulas can also be used to obtain the corresponding infinite-volume expressions. We have presented results for the vector as well as the scalar form factor. We have checked analytically and numerically that the relevant Ward identity is fulfilled. Numerically, for representative parameters of current lattice simulations, the corrections may be as large as O(10 −3 ), but are often much smaller. The magnitude and sign of the corrections vary significantly between ensembles.
As a relatively cheap way to check for finite-volume effects, we suggest comparing the results for different partial twist choices on the same underlying configurations. Table 1 . The labels "mass," "f + " and "h µ " refer to the three terms in the left-hand side of Eq. (43), and "ρ," the right-hand side. The numbers are obtained with θ u = (0, θ ′ , 0, 0) such that q 2 = 0 and the kaon at rest. The effects due to staggered quarks are included. 
A Integrals and relations
Our results can be written using slight modifications of integrals found elsewhere in the literature. In this section we define the integrals we need and give references to where more detailed treatments can be found.
A.1 One loop integrals with single poles
We will use the notation for finite-volume integrals given in Eq. (23) . Note that every integral below depends on the twist angles since these determine which momenta are sampled in the sum in Eq. (23) . We use the mass in a given propagator to indicate which momenta are to be sampled in each integral. For example a momentum k which shows up as (k 2 +m 2 π + ) will only Table 1 . The labels "mass," "f + " and "h µ " refer to the three terms in the left-hand side of Eq. (43), and "ρ," the right-hand side.
The numbers are obtained with θ u = (0, θ ′ , 0, 0) such that q 2 = 0 and the kaon at rest. This is the case without effects from staggering. is not equivalent (k − q) 2 + m 2 2 because the former case implies that q − k takes the allowed values for the meson 2, while in the later case q − k takes the allowed values for the antiparticle of meson 2.
All our results are given in Euclidean space. We need the following integrals
We split these integrals according to
B µν (m Table 1 .
The labels "mass", "f + " and "h µ " refer to the three terms in the left-hand side of Eq. (43), and "ρ", the right-hand side. The numbers are obtained with θ u = (0, θ, θ, θ) such that q 2 = 0 and the kaon at rest.
where C 2µ and C 23µν are zero due to symmetry in the zero twist and infinitevolume cases. The sign of C 22 is chosen such that the corresponding Minkowski integral has plus signs for all three terms. In this paper we are primarily interested in the finite volume part of the integrals. We denote the difference between the integral in finite and infinite volume by
Expressions for these integrals in terms of Jacobi theta functions can be found in Ref. [15] .
A.2 One loop integrals for diagonal propagator
In partially-quenched and staggered ChPT the diagonal propagators are more complicated than in standard ChPT, see sections 2.1 and 2.2. The quark-flow disconnected part of the propagators takes the generic form
where δ is the hairpin coupling of the propagating particles. In the staggered theory δ is taste dependent and given by
The coefficients C 2V , . . . are part of the taste breaking potential V and are defined in Ref. [30] . In the partially-quenched theory without taste, δ is given by
Taking the isospin limit for the sea quarks, the diagonal propagators simplify to
To evaluate integrals with diagonal propagators we use the residue notation described in Ref. [30] . Both single and double poles can be evaluated using this technique. Double poles are written as derivatives of single poles. Although this method works well for evaluation, it produces rather messy expressions. For this reason we use generalized notation in which any of the m 2 arguments in the integrals may be replaced by D, as in Ref. [13] . An example would be
A.3 Integral relations
There are relations among the integrals presented above. The relations valid when including twisted boundary conditions can be found in Ref. [15] . In addition there are some relations which are useful for the neutral propagator given in Ref. [30] . Finally, we have used the relation
B Finite-volume corrections for masses
In this appendix we give expressions for the finite-volume correction for masses in partially-quenched partially-twisted ChPT and partially-quenched partially-twisted rooted staggered ChPT. The expressions are valid for a flavor-charged meson with flavor content xy and, in the staggered case, pseudoscalar taste. Note that in comparing with Ref. [15] we see that the PQ expression neatly summarizes all results for flavor-charged mesons into a single expression, valid both with and without isospin.
B.1 Partially-Quenched Partially-Twisted ChPT
B.2 Partially-Quenched Partially-Twisted Rooted Staggered ChPT
In this appendix we present expressions for the process K 0 → π − with up and down masses set equal; note that isospin is still broken by the boundary conditions. We give expressions for when sea and valence quarks have the same twist, which we call fully twisted, and for the partially-twisted case. In the partially-twisted case the indices 1, 2, 3 on the masses indicate valence quarks u, d, s respectively. 
C.1 Fully twisted
∆ V f + = − 1 2f 2 4B V 22 (m 2 π + , m 2 K 0 , q) + 6B V 22 (m 2 K + , m 2 η , q)(56)+2B V 22 (m 2 π 0 , m 2 K + , q) − A V (m 2 π + ) − 2A V (m 2 K + ) − A V (m 2 K 0 ) − 3 2 A V (m 2 η ) − 1 2 A V (m 2 π 0 ) ∆ V f − = − 1 2f 2 (m 2 K − m 2 π ) 4B V 21 (m 2 π + , m 2 K 0 , q) + 6B V 21 (m 2 K + , m 2 η , q) (57) + 2B V 21 (m 2 π 0 , m 2 K + , q) − 4B V 1 (m 2 π + , m 2 K 0 , q) −4B V 1 (m 2 K + , m
